The effect of nuclear deformation on the isoscalar toroidal and compression dipole modes in prolate 170 Yb is studied in the framework of the random-phase-approximation method with a representative set of Skyrme forces (SV-bas, SLy6, SkM * and SkI3). It is shown that the deformation crucially redistributes the strength of both modes. The compression mode has the same sequence of µ=0 and 1 branches as the isovector giant dipole resonance where for prolate nuclei the µ = 0 mode is lower in energy (µ being the projection of the axial momentum of the mode). Instead, the toroidal mode exhibits an anomalous (opposite) sequence where the µ=1 branch precedes the µ=0 one.
I. INTRODUCTION
The toroidal and compression modes (TM and CM in what follows) in the isoscalar dipole E1(T=0) channel represent two unconventional kinds dipole motion, attracting increasing interest last years [1] . Both modes are second-order corrections to the dominant giant dipole resonance (GDR) flow [2] . After extraction of the spurious center-of-mass motion, these modes become dominant in E1(T=0) channel. TM and CM were observed in (α, α ′ ) scattering experiments [3, 4] where they were treated as the low-energy (TM) and high-energy (CM) branches of the isoscalar dipole giant resonance (ISGDR) [1] . The modes are strongly mixed [1, 2] .
The TM is viewed as a toroid-like vortical flow [5, 6] . Its restoring force is caused by distortions of the Fermi sphere in the momentum space. So the TM can be treated as a specific transversal oscillation of an elastic globe [7, 8] . As was recently shown [9] , the TM lies at the low-energy region of what is called the pygmy dipole resonance (PDR) and determines the basic collective flow in the region. This is important since this low lying strength carries a great deal of information on basic nuclear parameters as incompressibility, symmetry energy, and effective masses [10] which, in turn, is related to questions of the neutron skin and neutron equation-of-state. The CM exhibits an irrotational compression dipole flow [11, 12] . Actually, the TM and CM are transversal (vortical) and longitudinal (irrotational) counterparts.
The TM and CM were thoroughly investigated in various models, see extensive references in [1, 2, 13, 14] . Most studies so far were limited to spherical nuclei. At the same time, effects of nuclear deformation in TM and CM can be very strong. As shown in our recent study for the chain of Sm isotopes [14] , the deformation appreciably reshuffles the TM/CM strengths. In particular, there was a spectacular deformation splitting (exceeding * Electronic address: nester@theor.jinr.ru 5 MeV) of CM and considerable downshift of the TM strength (which can affect the PDR properties).
In this paper, we continue investigation of the deformation effects in TM and CM, now for a typical rare-earth axial nucleus 170 Yb which exhibits a sizable prolate deformation. Like in the previous study [14] , we employ the separable random-phase-approximation (SRPA) approach using the Skyrme energy-density functional [15, 16] . SRPA was already successfully used in various studies in spherical and deformed nuclei (electric [2, 14, [17] [18] [19] and magnetic [20] [21] [22] giant resonances, E1 strength near the particle thresholds [23, 24] ). Here we employ it with the Skyrme forces covering various values of isoscalar effective mass m * 0 /m. These are SV-bas [25] , SkM* [26] , SLy6 [27] , SkI3 [28] with m * 0 /m=0.90, 0.79, 0.69, 0.58, respectively. While in our previous study [14] the CM deformation effects were mainly analyzed, here we consider deformation features of both TM and CM. It will be shown that, unlike the isovector giant dipole resonance (GDR) and CM, the TM demonstrates an anomalous deformation splitting. Namely, in TM the dipole branch µ=1 lies lower than the µ=0 one, in contrast to the opposite sequence 0/1 typical for prolate quadrupole shapes.
The paper is organized as follows. In Sec. 2 the calculation scheme is outlined. In Sec. 3 the main results are discussed. In Sec. 4, the conclusions are given.
II. CALCULATION SCHEME
The study is performed within the SRPA approach with the Skyrme functional [15, 16] . The method is fully self-consistent as i) both the mean field and residual interaction are obtained from the same Skyrme functional [29] [30] [31] , ii) the residual interaction includes all the functional contributions as well as the Coulomb (direct and exchange) terms. The self-consistent factorization of the residual interaction in SRPA dramatically reduces the computational effort for deformed nuclei while keeping high accuracy of the method. As shown in the systematic SRPA study of GDR in rare-earth and actinide regions [18] , the method provides an excellent description of the experimental data in a wide manifold of deformed nuclei.
In order to test the sensitivity of the results, four different Skyrme forces (SV-bas [25] , SkM* [26] , SLy6 [27] , and SkI3 [28] ) with various isoscalar effective masses are used. The 2D representation in cylindrical coordinates with a mesh size of 0.7 fm and a calculation box of 21 fm is exploited. The pairing (with delta forces) is treated at the BCS level [32] . The equilibrium axial quadrupole deformation is determined by minimization of the total energy. In 170 Yb, we obtain for all four Skyrme forces the deformation parameter β 2 =0.34-0.35 and corresponding quadrupole moment Q 2 ≈ 8. 
where
is the Lorentz weight with the averaging parameter ∆= 1 MeV. Further, |0 is the ground state wave function, E ν and |ν are the energy and wave function of the ν-th RPA state. M γ ( E1µ) is the transition dipole operator where γ labels the cases TM, CM, or GDR. The TM and CM operators read [2] :M
whereρ( r) andˆ j nuc ( r) are operators of nuclear density and convection current, respectively. Symbols Y λµ and Y λlµ stand for spherical harmonics and vector spherical harmonics. The value r 2 0 = d 3 rρ 0 ( r)r 2 is the ground state root-mean-square radius. The last terms in (2) and (3) represent the center-of-mass corrections (c.m.c.) active in T=0 channel [2] . The neutron and proton effective charges in this channel are e eff n = e eff p =1. The photo-absorption cross-section is determined through the strength function (1) as [34] :
where α e = 1/137 is the fine-structure constant and (5) is the standard dipole isovector (T=1) transition operator. The total strengths (1) and (4) are computed as the sums of µ=0 and twice the µ=1 contributions. The input SRPA operators are chosen following the prescription [2] .
The configuration space for the SRPA calculations covers all the two-quasiparticle dipole states with the energy up to E cut ≈ 175 MeV. The basis is sufficiently large to exhaust nearly 100% of the energy-weighted sum rules (EWSR): i) Thomas-Reiche-Kuhn EWSR(T=1) for GDR [34] and ii) Harakeh's EWSR(T=0) for CM [35] . We need also this large basis to lower the energy of the spurious E1(T=0) peak (c.m. mode) towards its zero value. Here the spurious peak comes down to 1.5 − 3.0 MeV (depending on the Skyrme force) for CM and close to zero for TM. This is safely below the regions of the studied TM and CM strengths. Note that TM, driven mainly by vortical flow, is generally less polluted by the spurious motion than the irrotational CM. An extensive discussion of the sum rules and c.m. correction in SRPA calculations can be found in Ref. [14] . Other details of the calculation scheme are given elsewhere [2, 16, 18] .
III. RESULTS AND DISCUSSION
In Figure 1 , the photo-absorption cross section calculated with different Skyrme forces is compared to the experimental data [37, 38] . Decomposition of the dipole strengths into µ=0 and µ=1 branches is also given to demonstrate the deformation splitting. The figure shows a good agreement with the experiment for all the Skyrme forces. The energy position, width and splitting of the GDR are well reproduced. At the same time, the dependence of the description on the Skyrme force is also visible. A minor narrowing the GDR and downshift of µ=1 branch from SV-bas to SkI3 (i.e. with decreasing the effective mass m * 0 /m) are seen. They can be understood from the fact that the level density of the single-particle spectra decreases with decreasing m * 0 /m [36] . SV-bas somewhat overestimates the GDR width and µ=1 energy while SkI3 underestimates these values. The best result is obtained for SLy6 with m * 0 /m=0.69, which is in accordance to our previous findings for the GDR within SRPA [18] . The deformation splitting shows the standard ordering for the GDR in prolate nuclei where the peak for µ = 0 lies energetically lower than the µ=1 peak.
In Figure 2 , the CM E1(T=0) strength is presented. The RPA residual interaction significantly downshifts the strength as compared with the unperturbed twoquasiparticle (2qp) spectra, which indicates a considerable collectivity of the excitations. Like in Fig. 1 for GDR, there is a visible regular dependence of the energy of the main CM peak on the Skyrme force, which is explained by the compression of the single-particle spectrum with increasing m * 0 /m. Fig. 2 shows a strong impact of deformation. As compared with the spherical case (RPA on a ground state with constraint on β 2 =0), the deformation downshifts the low-energy strength to the region 5-8 MeV. Besides, the main CM peak is shifted from 26-30 MeV to 22-26 MeV. Similar effects were earlier found for CM in Sm isotopes [14] .
More information on the impact of deformation on the CM can be obtained from Fig. 3 , where the total RPA strength is given together with its µ=0 and 1 branches. It is seen that the deformation drastically redistributes the strength, making the ratio between µ=0 and 1 strengths dependent on the energy (while in the spherical case this ratio is constant). In particular, we get the dominance of µ=0 strength at the central energy region 10-25 MeV and of µ=1 strength at the peripheral regions at lower and higher energies. If one considers the major and minor CM peaks at 22-26 and 26-32 MeV as µ=0 and µ=1 branches, then one may state a considerable (though vague) deformation splitting. The splitting changes from ∼7 MeV in SV-bas to ∼2 MeV in SkI3. Like in the GDR, the deformation splitting exhibits the 0/1 order where the µ=0 bump precedes the µ=1 one.
Figures 4 and 5 illustrate the strength functions for TM. As compared to high-energy CM, the TM strength is mainly concentrated at lower energy 5-20 MeV. There is also a minor TM high-energy bump at 20-30 MeV, perhaps because of the CM and TM coupling. In Fig. 4 , we see the similar effects as in Fig. 2 for CM: i) downshift of the RPA strength as compared to 2qp case, ii) strong redistribution of the RPA strength due to deformation (including a shift of the strength to the low-energy region below 7-8 MeV and also a downshift of the minor high-energy bump), and iii) visible dependence of the TM centroid on m * 0 /m. In Figure 5 , we see a remarkable strong effect of deformation on the low-energy TM: the deformation splitting results in an overwhelming dominance of µ=1 branch in the TM strength below 12-15 MeV. This is in contrast to the GDR where, following Fig. 1 , the µ=0 branch dominates at E < 13 MeV. Moreover, TM has the opposite order of the branches as compared to the GDR and CM (µ = 1 is lower than µ = 0). The difference takes place in spite of the fact that both, TM and GDR, originate from the same 2qp dipole transitions with ∆N=1, where N is the principle shell quantum number. As seen from Fig. 6 , the effect appears already for the unperturbed 2qp strength and therefore has its origin in the mean field and not in the recoupling by RPA. Perhaps it is caused by a different character of the flows in TM and GR (vortical and irrotational, respectively) and thus different 2qp excitations generating TM and GDR. This effect calls for a careful microscopical analysis which is the next step on our road map.
IV. CONCLUSIONS
The effects of nuclear axial quadrupole deformation on the isoscalar dipole compression and toroidal modes (CM and TM) were investigated in prolate 170 Yb within the random-phase approximation using the Skyrme energydensity functional. The Skyrme parametrization SV-bas [25] , SkM* [26] , SLy6 [27] , and SkI3 [28] were used which have different isoscalar effective mass m * 0 /m varying from 0.9 for SV-bas to 0.58 for SkI3. All four forces provide similar general pattern, but visible dependence on m * 0 /m in the details of the spectral distributions.
The strong impact of deformation found here is in accordance with our previous study for Sm isotopes [14] . The deformation significantly redistributes the strengths, in particular the ratios between µ=0 and 1 branches. The µ=0 strength becomes dominant in a wide central region while the µ=1 strength takes the lead at lower and higher energy.
The most interesting deformation effect takes place for the low-energy TM where an anomalous sequence (as compared to the giant dipole resonance and CM) of the µ=0 and 1 branches is found. Namely, in contrast to the common order in prolate nuclei, for the TM the µ=1 branch comes energetically lower than the µ=0 one. This leads to a strong dominance of µ=1 over µ=0 at the energy E < 12-15 MeV (often associated with the region of the pygmy dipole resonance). This feature was also found in other prolate nuclei (not shown in the paper). Perhaps it is caused by a different character of the modes, vortical flow for the TM and irrotational flow for the GDR, and thus different isoscalar two-quasiparticle excitations generating these flows.
